Abstract. We prove a local, unipotent, analog of Kedlaya's theorem for the pro-p part of the fundamental group of integral affine schemes in characteristic p.
Introduction
Kedlaya proved that if f : X → Y is a morphism between two connected affine schemes X := Spec(A) and Y := Spec(B) over a field of characteristic p, then f induces an isomorphism between π 
Local Unipotent Fundamental Group Scheme
Let k be a perfect field of characteristic p. Let G a denote the standard additive algebraic group structure on the affine line. For a scheme X/k, let F : X → X denote the absolute p-power frobenius map and F X : X → X (p) , the relative frobenius map. Let α p be the kernel of
A group scheme G/k is called unipotent if G k has a composition series whose factor groups are 1, G a , α p , or Z/p · Z. This is equivalent to requiring that G be affine and that every representation of G on a finite dimensional k-vector space V have a filtration 0 = V 0 ⊆ V 1 ⊆ · · · ⊆ V m = V by sub-representations whose successive quotients are trivial representations as shown in [1, Exposé XVII, Théorème 3.5, p. 547]. Note that such groups are called nilpotent in [5, p. 97] .
We are interested in finite, local, unipotent group schemes over k. These are exactly the unipotent group schemes which have a finite composition series with factors α p s by [1, Théorème 3.5] .
Definition 1 Let X/k be a scheme and G/k a finite, local, unipotent group scheme. A G-torsor T over X is a finite, flat and surjective map π : T → X and an action ϕ : Proof The proof follows from faithfully flat descent.
We will not distinguish between G and G-torsors from now on. Let U(X) denote the category whose objects are pairs (T, G) where G is a finite, local, unipotent group and T is a G-torsor over X. A morphism from (T, G) to (S, H) is a pair (α, ι), where ι : G → H is a homomorphism and α : T → S is a morphism of schemes over X that is equivariant with respect to G, where G acts on S through ι.
Lemma 3 Let G be a finite, local, unipotent group. Any G-torsor T on Spec(k) is canonically trivial.
Proof Note that the trivializations of T over k are in one-to-one correspondence with T(k). Therefore the statement is equivalent to saying that T(k) is a singleton.
Let k be the residue field of a closed point of T. Note that then k /k is a finite extension, T(k ) = ∅, and T k G k . That T k is a local scheme implies that T is a local scheme. Hence k is the residue field of the unique closed point. The closed imbedding Spec(k ) → T induces the closed imbedding Spec(k
As in [5, Definition 2, p. 85], we say that U(X) satisfies property P if whenever
is an object of U(X).
Lemma 4 The category U(X) satisfies property P if X is an integral scheme.
Proof This follows from [5, Propositions 1, 2], except that there one needs to choose a basepoint on X. In our case, where we permit only local G as the structure group for the torsors, the choice of a basepoint will not be necessary.
Choose a finite extension k /k such that X(k ) = ∅ and fix x 0 ∈ X(k ). Then by [5] we know that the category of triples (T, G, v), where v ∈ T x0 (k ), satisfies property P. But because of Lemma 3 this category is canonically equivalent to U(X) through the functor that forgets the point v. This shows the property P for U(X).
From now on we assume that X is integral. Therefore by the construction in [5, pp. 86-87] , there is a pro-finite, unipotent, local, fundamental group scheme π • 1 (X) together with a torsor P/X under it such that, for any (T, G) as above there is a unique map (P, π 
(X)) → (T, G).
We can give a Tannakian description of this fundamental group if X/k is complete. Following [4] , call a vector bundle V on X, F-trivial if there exists an n ≥ 1 such that F n (V ) is trivial. Then consider the category of F-trivial bundles which are also unipotent as vector bundles. This is a Tannakian category and it follows from the discussion in [4, pp. 144-145 ] that the fundamental group of this category (at a basepoint, but this is independent of the basepoint because of the above) is π Let G, H, T, S, and ι : G → H be as above. Let Hom G−H (T, S) denote morphisms between (T, G) and (S, H) in U where the map from G to H is ι.
Lemma 6 Hom G−H (T, S) has at most one element.
Proof First note that if ι * T denotes the push-forward of the G-torsor T to an H-torsor, then Hom G−H (T, S) = Hom H (ι * T, S). Hence it suffices to prove the claim in the case when G = H and ι is the identity map. Note that any morphism between G-torsors T and S is necessarily an isomorphism. Therefore we may assume that T = S. Let α ∈ Hom G (T, T). Let U be an fpqc covering of X that trivializes T, e.g., let U := T. Choosing a trivialization G U → T U of T on U and using the isomor-
We take the push-forward of the torsor via the quotient map G → G/G n−1 , which has an abelian target. The above identity gives p * 1 h = p * 2 h, and hence by faithfully flat descent gives an element in Γ(X, G/G n−1 ) which vanishes by Lemma 5. Therefore h ∈ Γ(U, G n−1 ). Taking the push-forward of T via the map G → G/G n−2 and proceeding as above we see that h ∈ Γ(U, G n−2 ) and proceeding by induction h = 1.
The following lemma is an explicit characterization of α p -torsors on an affine scheme.
Lemma 7 Let X := Spec(A) be an affine scheme over k. The natural map
is an isomorphism.
Proof
We have an exact sequence 0 → α p → G a → G
a → 0 of sheaves of groups on Sch X . Considering the long exact sequence for cohomology and noting that the cohomology groups of coherent sheaves are the same on the Zariski and the fpqc site, and that on an affine scheme cohomology of a coherent sheaf vanishes in positive degrees proves the statement. The last isomorphism is a consequence of Lemma 2. 
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